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E M B E D D I N G  (p, p -  1) GRAPHS 
IN THEIR COMPLEMENTS 

BY 

DAVID BURNS AND SEYMOUR SCHUSTER 

ABSTRACT 

A graph G is embeddable in its complement (3 if G is isomorphic with a 
subgraph of r A complete characterization is given of those (p,p - 1) graphs 
which are embeddable in their complements. In particular, let G be a (p, p - 1) 
graph where p > 6 if p is even and p -> 9 if p is odd; then G is embeddable in t~ 
if and only if G is neither the star K1.,_1 nor K~.,UC3 with n _>-4. 

I. Terminology and notation 

As is qui te  usual, the ver tex-se t  and edge-se t  of the graph G will be  deno ted  

by V(G) and E(G), respect ively.  If I V ( G ) I  = p  and IE(G)I = q, then G is a 

(p, q) graph ; also, G is said to be  of  order p. T h e  complement 1~ of  g raph  G is 

def ined by specifying its ver tex-set  and edge-set :  (i) V ( ( ~ ) =  V(G) and (ii) 

uv E E(CJ) if and  only if u, v ~ V(G) and uvff. E(G). The  complete graph K, is 

the graph of o rder  n, having every  pair  of its ver t ices  jo ined  by an edge. Thus,  if 

G is of o rder  n, then the graph with ver tex-se t  V(G) and edge-se t  E(G) U E(G) 
is precisely K,. 

O the r  classes of  g raphs  that  require  special nota t ion  are  stars and cycles. T h e  

star  KI., is the (n + 1, n)  graph having one  ver tex of degree  n and n vert ices of  

degree  1. (Vert ices  of  degree  1 are  endvertices.) A cycle of  length r will be  

deno ted  by C,. 

Suppose  H and K are g raphs  having no vert ices  in c o m m o n .  Then  H U K, the  

union of H and K, is the graph  whose  ver tex-se t  is V(H)U V(K) and whose  

edge-set  is E(H) U E(K). The  union of m copies  of  H will be  deno ted  by mH. 
Finally, if the graph F is i somorphic  with a subgraph  of G, then we say that  Fis 

contained in G or that  F is embeddable in G, and we wri te  F C G. 

Received December 21, 1977 

313 



314 D. BURNS AND S. SCHUSTER Israel J. Math. 

2. Introduction and preliminary results 

The question of whether graphs are contained in their complements has been 

the subject of several recent investigations. Indeed, Bollob~is and Eldridge [1], 

Sauer and Spencer [3], as well as the current authors [2], proved the following, 

independently. 

THEOREM A. Every (p, p -  2) graph is contained in its complement. 

We shall have occasion to use the following strengthened version of this 

theorem which is proved in [4]. 

THEOREM A'. If  G is any labeled ( p , p -  2) graph, then there exists an 

isomorphic embedding tk of G into G such that ~b has no fixed vertices. 

Clearly, the embeddings of Theorems A and A' exist for any (/9, p - n) graph if 

n=>2. 

As for (p, p -  1) graphs, it appears that H. Joseph Straight was the first to 

observe that nearly all trees are contained in their complements. He  proved the 

following: 

THEOREM B. Every non-trivial tree, which is not a star, is contained in its 
complement. 

We propose to complete the study of embedding ( p , p -  1) graphs in their 

complements, thus obtaining Theorem B as a special case. First, we announce 

the class ~ of forbidden graphs: K1LI C3, K~ !.9 C4, K1 tA2G, Kj.j LI C3, K~.p_~, 

and Kl.n tA C3 where n -> 4. (See Fig. 1.) Now, we begin by disposing of a most 
bothersome class of (p,p - 1) graphs. 

Fig. 1. The class ~ of forbidden graphs. 
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THEOREM 1. Let T be any tree, trivial or non-trivial. I f  G is the union of T and 

m (_-> 1) disjoint cycles and G ~ q~, then G C G. 

PROOF. Suppose that among the m cycles of G, there is a cycle (7, with r _-> 5. 

Let V(C,)={vl ,  v2, . . . ,v ,}  and consider the ( k , k - 2 )  graph G I =  

G -{v~, v 2 , " ' ,  v,_~}. By Theorem A' we know that there exists an isomorphic 

embedding ot of G1 into t~l such that a has no fixed vertices. Further, by 

Theorem B, we know that there is an isomorphic embedding/3 of C, - v, into 

C, - v,. The union of mappings ot and/3 provides an isomorphic embedding th of 

G into t~, as follows: 

~b(v)= or(v) for v E V(GO,  

~b(v,) =/3(v,) for 1 =< i =< r - 1. 

Since a ( v , ) ~  v,, the edges ~b(V,_l)~b(v,) and 4~(VO/3(Vr ) are in G. Certainly, all 

the other edges of ~b(G) are in t~, so ~b is the desired isomorphic embedding. 

Having proved the theorem for graphs with a cycle C,, with r => 5, as one of its 

components, we assume henceforth that the m cycles of G are 3-cycles or 

4-cycles. The remainder of the proof proceeds by induction on m. 

If m = l ,  then G = T U ( 7 3 o r  G = T U C 4 .  

Consider G = T U C3. Since G ~ 5, T is of order at least 3. If T is a star, then 

G = KL2 U (?3 or G = K1,3 U C3; in each case, it is easily verified that G C t~. If 

T is not a star, then T is of order t => 4. For t = 4, 5 the embeddings of G into t~ 

are shown in Fig. 2, where solid lines indicate edges of G and dashed lines 

indicate edges of (~. If t => 6, then there are endvertices x, y E V ( T )  such that 

T - { x , y }  is not a star; hence, there is an isomorphic mapping a :  T - { x , y }  

---) T - {x, y}. Calling V(C:3) = {u ,  u2, ua}, we define the mapping ~b as follows: 

, t , ( u , )  = x,  , t , (u2)  = y,  4 , ( u a )  = ua, 4 , ( x )  = u , ,  

6(Y)=  u2 and 6 ( v ) = a ( v )  

for v E V ( T - { x ,  y}). 

Then ~b is an embedding of T U (?3 into T U Ca. 

X N I \ x l \ , 1 / /  

V" 
"--"d-" "V' 

Fig. 2. 
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Consider G = T U C4. Since G ~ ~, T is non-trivial. If T is a star, it is easy to 

see that G C t~. If T is not a star, then let a be an embedding of T into T. Also, 

let vl, v2 ~ V ( T )  and V(C4) = {ul, u2, u3, u4}. We define ~b as follows: 

~ ( u . )  = u. .  4 . ( u . )  = o~(v.) .  4 , ( u . )  = u3. ~ ( u . )  = ~ ( v . ) .  

~b(v l )=u , ,  6 ( v 2 ) = u , ,  and c h ( v ) = a ( v )  

for v E V ( T )  and v ~ v , , v 2 .  

Then,  ~b is an embedding of G into (~ as indicated in Fig. 3. This completes  the 

argument  for m = 1. 

Assume,  now, that G C t~ for any graph G satisfying the hypothesis of the 

Theorem,  where m < k and k => 2. Let H be a (p,p - 1) graph satisfying the 

hypothesis, where H is the union of a tree and k cycles C,, with r = 3 or 4. 

We consider two cases depending on whether  Ca is a component  of H. 

Case 1. Assume one component  of H to be a C4. Then H has another  cycle as 

a component .  Consider H~ = H - {C4, C~}, with r = 3 or 4. 

Before we may apply the induction hypothesis to H~, we must tediously 

eliminate those cases in which H~ E ~ or HI  degenerates to become K~. 

If H1 = K~, then H = K1 U C4u C 3 or H = Ka U 2 C 4  in both cases, the 

embeddings of H into H are simple to construct. If H ~ =  K~UC3,  then 

H = K1 U C~ U 2C3 or H = K1 U 2C4 U C3; again, it is easily verified that H CH.  

/ : ) . - - _ . ,  

Fig. 3. 
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-.r \ 
/ ~ ~ C .  ~ \ 

Fig. 4. 

l / 

If H1 is a star, then the embeddings of H i n t o / 7  are exhibited in Fig. 4, where 

a solid vertex indicates the presence of dashed edges between that vertex and all 

other  vertices in the diagram which are not already incident with dashed 

edges. I fH~=KI.~UC3, t h e n H = K , . 1 U 2 C 4 U C 3 o r H = K I . ~ U C 4 U 2 C s ; i f  

H~ = K1 U C4, then H = K1 U 3C4 or H = K~ U 2C4 U C3; and if H1 = Kt  U 2C3, 

then H = K1 U 2C4 U 2C3 or H~ = K~ U C4 U 3C3. In all these cases, it is a simple 

mat ter  to verify that H C H. 

Finally, if H I = K , . . U C 3 ,  with n=>4, H = K I . , U 2 C 4 U C 3  or H =  

KI,,, U 2C3 U C4. In the latter case, the embedding of H in H is obvious. In the 

former  case, we consider the graph H2 = H - {C4, C3} = KI , ,  U C4, in which case 

we may apply the induction hypothesis to H2; since H2CH2 and C 4 U C 3 C  

C4 U C3, we have H C/-). 

In all the remaining cases, H1 satisfies the induction hypothesis, so H,  C H,.  

Since C4 U Cr C C4 U Cr for any r => 3, we conclude that H C H. 

Case 2. Assume that every cyclic component  of H is a 3-cycle; i.e., H = 

T U kC3. 

Suppose that T = K~. Then k > 2 ,  otherwise H E 5. Since kC~ C kC3 for 

k > 2 ,  we have H C H. 

Suppose T is the star K~,,. If n = 1, the embedding of H = K~.~ U kCs in its 

complement  is obvious for k = 2, 3, and 4. For n > 1 and k = 2, 3, and 4, we 

exhibit the embeddings in Fig. 5. If k > 4, the graph /-/2 = H -  3C3 obeys the 

induction hypothesis; hence, H2CH2.  And, since 3C3C3C3, we have H CH.  

This completes the analysis for T a star. 

We now turn to the general case in which T is neither K~ nor a star K1,,. Let 

v~, v2 ~ V(T)  and a : T ~  T be an isomorphic embedding in which a ( v , ) =  v~ 

and a(vj) = v2. If k = 2, we call the 3-cycles u~, u2, u3 and w~, w2, w3, and then 

define ~b as follows (see Fig. 6): 
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k=2 

k=3 

/ I \ Ix' 
/ / I \ / l \ k ! \ / /  I ,.. I \t~---'-~'~ 

k , 4  ! . . . .  - - -  ! 

X/ 
Fig. 5. 

6 ( u , )  = u, ,  6 ( u 9  = w:,  6 ( u 3 )  = v, ,  

4 , ( w , )  = w , .  4 , ( w 2 )  = . 2 ,  , ~ ( w 3 )  = v2, 

4~(v~)= u3, 4~(vj)= w3, and 4~(v)= a(v)  

for the remaining v E V(T). The mapping ~b is an isomorphic embedding of 
TU2C3 into its complement. If k =3,  then 3C3C3C3 coupled with T C T  
implies that H = T U 3C3 is contained in its complement. For k >3,  /-/3 = 

H - 3 G  satisfies the induction hypothesis; hence, H3C. H3 and 3 C 3 C 3 C 3  

completes the proof that H CA. 
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Fig, 6. 

3. Principal theorem 

W e  are  now able to p resen t  the  comple t e  classification of those  ( p , p -  1) 

graphs  which are con ta ined  in their  complemen t s .  

THEOREM 2. Let G be any (p, p - 1) graph, with p >->_ 3. Then G is contained in 

its complement if and only if G ~. ~. 

PROOF. Clearly,  if G E ~ then  G cannot  be  i somorphica l ly  e m b e d d e d  in t~. 

W e  p roceed  with the converse .  

O u r  a t ten t ion  will be  res t r ic ted to the  case in which G is d isconnected ,  for  if G 

is connec ted  it is a t ree  in which case T h e o r e m  B applies.  

If v is an isolated ver tex  of G, then G - v is a (t7 - 1, p - 1) graph.  Hence ,  

G - v is e i ther  a union of cycles or  else it conta ins  a ver tex  u of degree  => 3. T h e  

f o r m e r  case is cove red  by T h e o r e m  1. In the la t ter  case, G - { v , u }  is a 

(19 - 2 , p  - k )  graph with k _---4. Thus,  by the  r emark  fol lowing T h e o r e m  A' ,  we 

know that  there  is an i somorphic  e m b e d d i n g  4': G - {v, u}--* G - {v, u}. Defin-  

ing ~b(v)=  u and ~b(u)=  v provides  an e m b e d d i n g  of G in t~. 

If G possesses  no isolated vert ices,  then it must  have  a t ree  T of o rder  t -> 2 as 

one  of its c o m p o n e n t s  (for every  cyclic c o m p o n e n t  with n ver t ices  has at least n 

edges).  Then  G - T is a (p - t, p - t) graph.  E i the r  G - T is a disjoint  union of 
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cycles or G -  T contains a vertex w whose degree is at least 3. The former 

alternative, in which G is the union of a tree and cycles, is covered by Theorem 

1. In the second alternative, G -  T - w  is a ( p -  t -  1 , p -  t -  s) graph with 

s_->3; hence, there is an isomorphic embedding a of G - T - w  into its 

complement.  Also, if z is a vertex of maximal degree in T, then there is an 

isomorphic embedding/3:  T -  z ~ T -  z, because T -  z is either a (t - 1, t - n) 

graph with n => 3 or it is a K~. By defining 

4,(e)  = z, 4~(z) = w, 

r for x E V ( G - T - w ) ,  

6(Y)  = / 3 ( y )  for y ~ V(T- z), 

we obtain an isomorphic embedding 4, of G into (~. 

This completes the proof of our classification Theorem. 

Focusing primarily on the two infinite classes of forbidden graphs, we obtain 

the following. 

COROLLARY. Let G be any (p, p - 1) graph where p >-_ 6 if p is even and p >= 9 

if p is odd. Then G C G if and only if G is neither the star K I.~-I nor K Ln U C3 for 

n>_4. 
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